Consider the operation of adding the same number of identical digits to the left and to the right of a number n. In OEIS sequence A090287, it was conjectured that this operation will not produce a prime if and only if n is a palindrome with an even number of digits. We show that this conjecture is false by showing that this property also holds for n = 231, n = 420, and an infinite number of other values of n.
Introduction
There have been many problems proposed on manipulating the digits of a number and how that affects its primality. See for instance [2, 4, 5, 3] and numerous examples in OEIS [1] : A051362, A024785, A080608, A133758, A241180, A245208. The goal of this paper is to study yet another problem of this type. The OEIS sequence A090287 (http://oeis.org/A090287) is defined as follows: a(n) is the smallest prime obtained by inserting n between two copies of a number with identical digits, or 0 if no such prime exists. In other words, a(n) (when it is nonzero) is the smallest prime formed by concatenating (in decimal) u, n and u where all the digits of u are identical. The author of the sequence conjectured that a(n) = 0 if and only if n is a palindrome with an even number of digits. The purpose of this note is to show that this conjecture is false. In particular, we show that there are an infinite number of counterexamples, with the first one being n = 231.
2 Additional values of n for which a(n) = 0. . It is represented in decimal by n 1's. Definition 2. Define f (d, m, n) as the number obtained by concatenating m times the digit d in front and after the number n, i.e. f (2, 3, 45) = 22245222. In other words, f (d, m, n) = dR(m)10 t+m + n10 m + dR(m) is represented as a concatenation of dR(m), n and dR(m) where t is the number of digits of n.
Then the conjecture in http://oeis.org/A090287 states that One direction of the conjecture is easy to prove. If n is a palindrome with an even number of digits, then f (d, m, n) is a palindrome with an even number of digits. The sum of the odd-numbered digits is the same as the sum of the even-numbered digits and the well-known test to determine divisibility by 11 shows that f (d, m, n) is a multiple of 11. Since f (d, m, n) > 11, it must be composite.
We now show that the other direction is false by giving a counterexample.
is composite for all 0 < d < 10 and m ≥ 0.
Proof. We will make frequent use of the following simple observation. If n is a concatenation of numbers m and k, then p|n if p|m and p|k. This is due to the fact that n = m10 i + k for some integer i. Next note that f (d, m, n) is a concatenation of multiple copies of d and n.
Clearly if d is even, then f (d, m, 231) is even and since f (d, m, 231) > 2, it is composite. Note that 231 = 3 · 7 · 11. Therefore f (3, m, 231) > 3 and f (9, m, 231) > 9 are divisible by 3 by the observation above and thus composite. Similarly f (7, m, 231) > 7 is divisible by 7. f (5, m, 231) > 5 has 5 as the last digit and is thus divisible by 5. As for f (1, m, 231) we consider 2 cases. If m is even, then R(m) is divisible by 11 (as it is a concatenation of multiple 11's). Since 231 is also divisible by 11, f (1, m, 231) is divisible by 11. If m is odd, then f (1, m, 231) is a concatenation of (possibly multiple copies of) 111111 and one of the following numbers: 12311, 111231111 and 1111123111111. The factorization of these numbers are:
• 111111 = 3 · 7 · 11 · 13 · 37
• 12311 = 13 · 947
Thus 111111 is divisible by both 3 and 13. The numbers 12311, 111231111 and 1111123111111 are divisible by either 3 or 13. By the observation above this implies that for odd m f (1, m, 231) is divisible by either 3 or 13. Since f (1, m, 231) has at least 3 digits, it is composite. • 14201 = 11 · 1291
• 1142011 = 13 · 107 · 821
• 11114201111 = 13 · 179 · 293 · 16301
This implies that f (1, m, 420) is divisible by either 3, 11 or 13. Proof. Since 759 = 3 · 11 · 23, similar to the proofs above, we only need to check d = 1 and d = 7. Again, since 759 is divisible by 11, we only need to check for odd m. f (1, m, 759) is a concatenation of (possibly multiple copies of) 111111 and one of the following numbers: 17591, 111759111, 1111175911111. The factorizations are:
This implies that f (1, m, 420) is divisible by either 3 or 7. As for f (7, m, 759), it is a concatenation of (possibly multiple copies of) 777777 and one of the following numbers: 77597, 777759777, 7777775977777. The factorizations are:
• 77597 = 13 · 47 · 127
• 777759777 = 3 2 · 151 · 572303
• 7777775977777 = 13 · 1289 · 5189 · 89449
Thus f (7, m, 759) is divisible by either 3 or 13. Proof. Since 6363 = 3 2 · 7 · 101, similar to the proofs above, we only need to check d = 1. Since 1111 = 11 · 101, f (1, m, 6363) is divisible by 101 for m a multiple of 4. For m not a multiple of 4, f (1, m, 6363) is a concatenation of (possibly multiple copies of) R(12) = 3 · 7 · 11 · 13 · 37 · 101 · 9901 and f (1, m, 6363) for some m ∈ {0, 1, 2, 3, 5, 6, 7, 9, 10, 11}. Looking at the factorizations of these numbers shows that for all m ≥ 0, f (1, m, 6363) is divisible by one of the following prime factors: 3, 7, 13, 101. • 1108151 = 11 · 100741
• 111081511 = 37 · 67 · 44809
• 1111108151111 = 7 · 158729735873
This implies that f (1, m, 10815) is divisible by either 7, 11 or 37.
Theorem 6. If n has an even number of digits and n is divisible by 11, then f (d, m, n) is composite for all 0 < d < 10 and m ≥ 0.
Proof. This can be proved with the same argument as the one above that was used to prove one direction of Conjecture 1, but let us prove this with the notation we have defined so far. Similar to the proofs above, we only need to check d = 1, d = 3 and d = 7. Let q be the number of digits of n. Define n 2 as the concatenation of d, n and d, i.e. n 2 = d10 q+1 + n + d. f (d, m, n) is a concatenation of (possibly multiple copies of) 11d (i.e. 'dd') and either n or n 2 . The divisibility test for 11 shows that for even q, the number d10 q+1 + d is divisible by 11. This implies that n 2 is divisible by 11 and thus f (d, m, n) is divisible by 11.
The reasoning in the results above allows us to derive the following test to provide a sufficient condition for when f (d, m, n) for fixed n, d is composite for all m > 1:
2. For each 0 ≤ i < k, let w i be the concatenation of dR(i), n and dR(i).
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with the convention that the concatenation of dR(0), n and dR(0) is equal to n. Implementing this test in a computer program, we found the following values of n which have an odd number of digits or are not divisible by 11 such that a(n) = 0: 231, 420, 759, 2814, 6363, 9177, 10815, 12663, 15666, 18669, 19362, 21672, 24675 , .... We found 4919 such numbers for n ≤ 10 7 . We found that all of these 4919 numbers are multiples of 3 and satisfy the test for all d (that need to be checked) with k = 6 except for 6363, 488649, 753774 which needed k = 12, the numbers 921333 and 8872668 which needed k = 8 and 5391498 which needed k = 30.
Conjecture 2.
If n is not a multiple of 11 with an even number of digits and a(n) = 0, then n is a multiple of 3.
Conjecture 2 has been verified for n ≤ 37443. There are other values of n such as 366, 1407 for which a(n) is still unknown. An interesting case is a(1414) = f (3, 1207, 1414) which has 2418 digits.
Prepending identical digits and appending identical digits
Consider the following variations of the sequence a(n).
Definition 3. b(n) is the smallest prime obtained by appending n to a number with identical digits, or 0 if no such prime exists. c(n) is the smallest prime obtained by appending a number with identical digits to n, or 0 if no such prime exists.
Clearly b(n) = 0 if n is even or divisible by 5. Furthermore c(n) coincides with OEIS A030665 (https://oeis.org/A030665) for n < 20. The sufficient condition for testing whether a(n) = 0 described above has corresponding versions for b(n) and c(n). For b(n) we have:
Conjecture 3. b(n) = 0 if and only if n is even or n is divisible by 5.
Conjecture 3 has been verified by computer for n ≤ 10 7 .
Conjecture 4. If c(n) = 0, then n is divisible by 3.
Conjecture 4 has been verified by computer for n ≤ 10 6 . The decimal value of c(6069) has 1529 digits. Furthermore, for n ≤ 15392, c(n) = 0 if and only if n = 6930.
Theorem 7. c(n) = 0 for n ∈ {6930, 50358, 56574, 72975}.
Proof. Consider the case n = 6930. Since 6930 = 2 · 3 2 · 5 · 7 · 11, similar to the proofs above we only need to check the primality of appending a repunit R(m) to 6930. Again we only need to check for odd m since 11 divides 6930. The factorizations
• 69301 = 37 · 1873
• 6930111 = 3 · 109 · 21193
• 693011111 = 13 · 19 · 2805713
show that 6930 appended with R(m) all shared a factor with 111111 and is divisible by either 3, 11, 13 or 37. The other cases are similar, with the exception that 56574 and 72975 do not divide 11 and thus we need to consider the factorizations of n appended with R(m) for 0 ≤ m ≤ 5 and show that they all share a nontrivial factor with 111111.
